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Time-dependent HF (RPA) calculations have been performed to estimate 
the transition energies and excited state wavefunctions of Li, Be +, B 2§ and 
C 3§ for the transitions 1 s22s : 2S ~ 1 s2ns : 2S (n = 3, 4 , . . .  8)~ The excitation 
energies and excited state wavefunctions are extracted from the position of 
the poles of a linearised variational functional. The excitation energies are in 
excellent agreement with those obtained spectroscopically. The excited state 
wavefunctions are utilised to find the matrix elements of different operators 
and the cusp values. 
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I. Introduction 

Investigation of excitation energies and excited states are necessary to interpret 
the observed spectra of many electron systems which are nowadays available 
through various experimental observations [1]. Such spectra, particularly spectra 
of multiply charged ions are of spectral interest for astrophysical observations 
[2]. The work of Burkhalter et al [3] and Mansfield et al. [4] with laser produced 
plasmas and the beam foil measurements of  Dietrich et al. [5] yield substantial 
data in this matter. 

Excitation energies and excited state wavefunctions are usually obtained theoreti- 
cally using multiterm functions within variational framework [6-13]. In this 
respect time-dependent Hartree-Fock theory (TDHF) provides an alternative but 
reasonably accurate method and has, in a number of cases, been applied success- 
fully in the past [14], for transitions involving different symmetries from that of 
the ground state. The accuracy is mainly due to the inclusion of substantial 
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amount of correlation effects. It has been shown explicitly [15-17] that TDHF 
is equivalent to RPA and in RPA, correlation effects are incorporated chiefly 
through the inclusion of doubly excited configurations in the ground state. It was 
shown earlier by Bhattacharya et al. [18] that for two electron isoelectronic 
sequence, excellent results are obtained for transitions involving the same sym- 
metry as that of the ground state. 

In this paper, we applied TDHF theory within variational framework to calculate 
the excitation energies and excited state wavefunctions of three electron isoelec- 
tronic system for the first few transitions 22S--> n 2 S ( n = 3 , . . .  8). Perturbative 
calculations involving inverse powers of Z have been performed earlier [19-21] 
for such systems. 

The present method is nonrelativistic and ignores core relaxation effect, which 
however, is very small for the present case. 

2. Methods 

A detailed discussion of the theory was given earlier [14, 18]. We shall briefly 
outline here the essential features. We construct a variational functional (atomic 
units are used) 

1 I~(~P(r, t ) [H- i (o /a t ) l gP( r  , t ) ) d t  
J ( ~ )  : T  . v  (gP(r, t)]~P(r, t)) 

subject to 

~J(O) =0  

(1) 

(2) 

where H is the total Hamiltonian including interaction with the external time- 
dependent field and dp is the total wavefunction represented by 

r t) = e-motAIIi(tpi + 8 ~ ;  e -i~ + 8 ~  e ~') (3) 

Here ~o is the HF ground state energy, A is a normalised antisymmetriser, 8~b~ 
represent the admixtures to the ground orbital ~i because of the two components 
of the perturbing Hamiltonian, 

h[(r, t ) =  h[(r) e -~~ + h'~+(r) e i~ (4) 

to is the external frequency. 
For the present case excitations corresponding to Al = 0 occur and we choose 

h'(r)  - f ( r )  Yoo( O, ~)  (5) 

such that 

&p?(r) ~ h'~(r)O~(r). (6) 

We expand the radial part of 8O(r) as 

&#t(r) = E C,%X,q(r) (7) 
q 
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where Ciq'S are variation parameters and Xiq'S a r e  appropriate preassigned basis 
functions. Applying linear response theory we get a set of matrix equations from 
Eq. (2) 

where A and B involve matrix elements of the Hamiltonian in the perturbing 
basis {X}, S is the associated overlap matrix and A denotes a column matrix 
involving perturbing term. It follows from the linear response theory that tke 
excitation spectrum for the ground state corresponds to the eigenvalues of the 
associated homogenous problem of Eq. (8). Thus one can diagonalize the non- 
hermitian matrix eigenvalue Eq. from (8) to generate the excitation energies and 

excited state vectors. Alternatively, one can seek poles of the vector C§ at 

different frequencies by solving Eq. (8) and the position of the poles gives the 
excitation energies and corresponding functions. The results are equivalent. Since 
for many cases we are interested in the value of the functional at different 
frequencies (e.g. in frequency dependent optical susceptibility calculations), we 
follow here the second method. As the position of the poles does not depend on 
the choice of  f ( r ) ,  only the symmetry matters, we choose here f ( r )  ~ l / r  for 
convenience. 

3. Results and discussion 

The first four members of Lithium isoelectronic sequence Li, Be +, B 2§ and C 3§ 

have been chosen for our study. We consider excitations 22S ~ n2S(n = 3, 4 , . . .  8) 
for all the systems. The ground state functions are those of Clementi [22]. For 
the radial part of all the excited states we choose a 12 parameter representation 
of the form (see Eq. (7)) 

Xq(r) = r"q e-Pq r. (9) 

Normally with a given basis set we tried to obtain as many resonances as possible. 
Whenever that is not possible, we choose a different basis set. This is very 
prominent for Li, the transition energies of which are listed in Table 1. 

Here four different basis sets are used to get complete information for all the 
transitions. Since the higher excited state wavefunctions are highly diffuse, it is 
quite difficult to choose a proper basis initially which is equally effective for all 
the transitions. Table 1 also shows the spectroscopic values [23] and the elaborate 
theoretical values of Knight and Sanders [21]. Agreement within 1% is observed 
for all the transitions. The transition energies for Be +, B 2+ and C 3+ are listed in 
Table 2, along with those of Moore [23-24] and Knight and Sanders [21]. Here 
agreement within 0.5% is achieved for all transitions wherever experimental 
values are available. We have to choose two different basis sets for each ion to 
obtain all the transitions 2 s ~  3s, 4 s , . . .  8s. However, with the second basis set 
all the resonance points have not been scanned since it requires extra computation 



176 B. K u n d u  and  P. K. Mukhe r j ee  

Table  1. T rans i t ion  energies  for Li as observed  f rom f requency  d e p e n d e n t  ca lcu la t ions  

Present  (a.u.) 
Obse rved  a C a l c u l a t e d  b 

Trans i t ion  (a.u.) (a.u.) Basis 1 Basis  2 Basis  3 Basis  4 % Dev. c 

2s  ~ 3s  0.1240 0.1239 0.1225 0.1225 0.1225 0.1233 0.56 

2s  ~ 4s  0.1595 0.1597 0.1580 0.1578 0.1578 0.1579 1.00 

2 s ~  5s  0.1745 0.1747 0.1782 0.1727 0.1727 0.1728 0.97 

2s - 6s  0.1822 0.1819 - -  0.1805 0.1804 0.1804 0.99 

2s  ~ 7s  0.1867 0.1860 - -  - -  0.1848 0.1851 0.86 
2s  ~ 8s  0.1895 . . . .  0.1884 0.58 

For  Li: 1 a.u. =219457.446 cm -1. 

a See Ref. [23]. 
b See Ref. [21]. 

c Percen tage  dev ia t ion  is ca lcu la t ed  wi th  respec t  to the results  o f  bas is  4 

Table  2. T rans i t ion  energies  for Be +, B 2+, C 3+ 

Obse rved  a Ca l cu l a t ed  b Present  

Ion  Trans i t ion  (a.u.) (a.u.) (a.u.) % Dev. 

Be + 2s  ~ 3s  0.4020 0.4020 0.3998 a 0.55 

2s  ~ 4s  0.5261 0.5263 0.5232 a 0.55 
2s  ~ 5s 0.5802 0.5803 0.5774 d 0.48 

2s  ~ 6s  0.6086 0.6083 0.6057 d 0.48 

2s  ~ 7s  0.6253 0.6246 0.6227 ~ 0.42 

2s  ~ 8s  - -  - -  0.6336 ~ 
B 2+ 2 s ~ 3 s  0.8211 0.8211 0.8200 d 0.13 

2s  ~ 4s  1.0831 1.0831 1.0797 d 0.31 

2 s ~ 5 s  1.1991 1.1991 1.1960 d 0.26 

2s  ~ 6s  - -  1.2604 1.2574 o - -  

2s  -~ 7s  - -  1.2966 1.2936 ~ - -  
2s  ~ 8s - -  - -  1.3197 e - -  

C 3+ 2s  ~ 3s  1.3799 1.3800 1.3767 d 0.23 

2s  ~ 4s  1.8288 1.8287 1.8244 d 0.24 

2s  ~ 5 s 2.0293 2.0293 2.0245 d 0.24 

2s-~6s 2.1360 2.1360 2.1310 a 0.23 

2 s ~ 7 s  2.1993 2.1994 2.1955 ~ 0.17 
2s  ~ 8s  2.2402 ~ - -  2.2414 e 0.05 

For  Be+: 1 a . u . = 2 1 9 4 6 1 . 2 4 6 c m  -1, B2+: 1 a . u . = 2 1 9 4 6 3 . 6 7 c m  -1, ca+:  1 a . u . =  

219464.572 cm -1. 
a See Ref. [23]. 
b See Ref. [21]. 

c See Ref. [24]. 

d Refers  to bas is  1 for each  ion.  
Refers  to bas i s  2 for each  ion 

t i m e  w i t h o u t  a f f e c t i n g  t h e  r e s u l t s  m u c h .  T h i s  i s  a l s o  c l e a r  f r o m  t h e  r e s u l t s  o f  t h e  

f o u r  d i f f e r e n t  b a s i s  s e t s  f o r  L i .  

I n  T a b l e  3 t h e  m a t r i x  e l e m e n t s  o f  t h e  d i f f e r e n t  o p e r a t o r s  f o r  t h e  d i f f e r e n t  e x c i t e d  

s t a t e s  a r e  l i s t e d .  F o r  L i ,  t h e  r e s u l t s  f o r  a l l  t h e  f o u r  b a s i s  s e t s  a r e  g i v e n .  A s  f a r  a s  
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Table 3. Matrix elements of different operators and cusp values 
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Configur- (1/r) (r) (r 2) 
Ion ation Basis (a.u.) (a.u.) (a.u.) Cusp Values 

Li 3s 1 1.8356 3.7784 39.7428 -3.0504 
2 1.8355 3.7821 39.8513 -2.9714 
3 1.8356 3.7790 39.7823 -3.0267 
4 1.8362 3.7982 40.5735 -2.9024 

4s 1 1.8137 7 .1292  156.6085 -2.5924 
2 1.8143 6 .8710  142.9723 -3.0732 
3 1.8142 6 .8850  143.1162 -3.0673 
4 1.8144 6 .8947 143.7389 -2.9187 

5s 1 1.8174 7 .2810  177.8483 -1.2833 
2 1.8052 10.9523 377.3133 -3.1006 
3 1.8052 10.9210 376.8787 -3.0017 
4 1.8049 11.1172 386.5719 -2.8847 

6s 1 . . . .  
2 1.8017 14.8473 717.4791 -3.2626 
3 1.8006 15.9414 820.1159 -2.9775 
4 1.7998 16.4589 858.7398 -2.8795 

7s 1 . . . .  
2 . . . .  
3 1.7974 22.4405 1637.2731 -3.0071 
4 1.7959 25.4512 2045.7526 -2.8305 

8s 1 . . . .  
2 . . . .  

3 . . . .  

4 1.7936 39.1782 4781.4418 -2.7591 
Be + 3s 1 2.5386 2.1591 12.2650 -4.0996 

4s 1 2.5003 3.7787 41.5667 -4.1683 
5s 1 2.4830 5 .9758 109.3341 -3.9878 
6s 1 2.4736 8.8731 247.4613 -3.9059 
7s 2 2.4710 11.3532 426.1962 -4.4309 
8s 2 2.4644 17.3265 966.9050 -4.4147 

B 2§ 3s 1 3.2422 1.5334 6.0156 -5.6640 
4s 1 3.1868 2.6362 19.8517 -5.7169 
5s 1 3.1625 4.0978 51.2274 -5.3967 
6s 1 3.1503 5 .8652 109.3662 -5.2374 
7s 2 3.1395 8 .4596 225.5392 -5.6129 
8s 2 3.1323 12.8020 514.5396 -5.3905 

C 3+ 3s 1 3.9447 1.1922 3.5688 -6.5957 
4s 1 3.8733 2.0364 11.6687 -6.7742+ 
5s 1 3.8412 3.1195 29.1041 -6.7581 
6s 1 3.8238 4.4641 61.4653 -6.7826 
7s 2 3.8112 6 .4332  129.3911 -6.3573 
8s 2 3.8009 9 .8312  299.3057 -6.0199 

t h e  a u t h o r s  k n o w ,  n o  o t h e r  t h e o r e t i c a l  r e su l t s  f o r  t h e  e x p e c t a t i o n  v a l u e s  o f  t h e s e  

o p e r a t o r s  a re  a v a i l a b l e  fo r  c o m p a r i s o n .  To h a v e  a f ee l ing  fo r  t he  b e h a v i o u r  o f  

t he  e x c i t e d  s ta te  w a v e f u n c t i o n s  we  c a l c u l a t e d  the  c u s p  v a l u e s  [25] fo r  all  t h e  

t r a n s i t i o n s  a n d  l i s t ed  t h e m  in Tab le  3. In  all c a ses  t he  c a l c u l a t e d  c u s p  v a l u e s  

s h o w  r e a s o n a b l y  g o o d  a g r e e m e n t  w i t h  t h e  i dea l  v a l u e  - Z. 
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Fig. 1. Compar i son  of  radial density of  the deexcited component  for Li obtained in the present 
calculation and that of  Clernenti 2s function 

The parameters and coefficients for the wavefunctions have been displayed in 
Table 4. 

For Li, only the results of the fourth basis are listed, while for Be +, B 2+ and C s+ 
the results for the two different basis sets are listed. 

A numerical plot of the wavefunctions produce the proper no. of  nodes in all 
cases. Extra orthogonality constraint is also not needed here [18]. As discussed 
earlier T D H F  theory incorporates an appreciable amount of  correlation through 
the presence of doubly excited configurations [17]. For closed shell systems the 
doubly excited configurations get deexcited to singly excited configurations of 
the original system via the external perturbation. The situation is complicated 
for open shell systems like Li where a deexcitation yields a three open shell 
system. For example, the presence of l s3s2:2S, doubly excited configuration 
yields a deexcited 1 s2s3s:2S configuration at resonance corresponding to 2s--> 3s 
transition. The presence of such a configuration is explicitly demonstrated in this 
calculation. In Fig. 1 we plot the density of the renormalised deexcited coefficient 
for the transition 2s-> 3s for Li. The deexcited density clearly represents the 2s 
nature of  the orbital. To get a further check we also plot in Fig. 1 the density of 
the Clementi [22] 2s orbital. The close resemblance clearly demonstrates the 
functional similarity between the two orbitals. 

The present method may be applied to study the inner-shell excitation process 
for three electron system. However, in this case the effect of  core rearrangement 
is very important and must be explicitly taken care of. This is under present study 
and results will be reported in due course. 
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